We present a study for the pion decay constant f π in the quenched approximation to lattice QCD with the Kogut-Susskind (KS) quark action, with the emphasis given to the renormalization problems. Numerical simulations are carried out at the couplings β = 6.0 and 6.2 on 32 3 × 64 and 48 3 × 64 lattices, respectively. The pion decay constant is evaluated for all KS flavors via gauge invariant and non-invariant axial vector currents with the renormalization constants calculated by both non-perturbative method and perturbation theory. We obtain f π = 89(6) MeV in the continuum limit as the best value using the partially conserved axial vector current, which requires no renormalization. From a study for the other KS flavors we find that the results obtained with the non-perturbative renormalization constants are well convergent among the KS flavors in the continuum limit, confirming restoration of SU(4) A flavor symmetry, while perturbative renormalization still leaves an apparent flavor breaking effect even in the continuum limit.
I. INTRODUCTION
In recent large-scale simulations of lattice QCD, statistical errors of physical quantities have become quite small. Indeed, for some hadronic matrix elements the precision has been so high that we cannot ignore uncertainties coming from the renormalization factor of lattice operators. Thus it has become increasingly important to reduce uncertainties from this source.
Renormalization factors can be evaluated in perturbation theory. Pushing the calculation beyond the one-loop level is usually difficult, however, hence uncertainties arising from higher-order corrections remain. We expect this problem of higher-order uncertainties to profit fully from a non-perturbative treatment. A non-perturbative method for calculating renormalization factors was proposed [1] , and has been applied to the quark mass [2] , decay constants [3] and four-fermion operators [4] , with the Wilson and the clover quark actions and to the quark mass with the Kogut-Susskind quark action [5] .
An important point to check with non-perturbatively calculated renormalization factors is their reliability and the degree of improvement achieved in the final physical results. For this purpose the pion decay constant is perhaps the best choice because the reference experimental value is known to a high precision. A verification that non-perturbative determination works for simple quark bilinear operators is a first step to ensure validity of more general applications to four-quark or other operators.
In this work, the pion decay constant is examined with the Kogut-Susskind (KS) quark action via gauge invariant and non-invariant operators using all KS flavors. The KS action has the well-known feature that SU(4) A flavor symmetry is broken down to U(1) A subgroup at a finite lattice spacing. We orient our study mainly toward the following two points provided by this feature. First, due to the remaining U(1) A symmetry, the renormalization constant for the corresponding axial vector current equals exactly unity, and hence the pion decay constant calculated in this channel receives no renormalization. This makes it possible to attain a high-precision calculation of the pion decay constant without uncertainties from renormalization. Second, we can calculate the pion decay constant using axial vector currents in the other KS flavor channels. Symmetry is broken in the decay constants at a finite lattice spacing, but restoration is expected in the continuum limit. Such restoration of full flavor symmetry has been previously examined for pion mass [6, 7] . Here we extend the study to the pion decay constant, the new feature being the necessity of renormalization constants. This can be used to investigate the reliability of non-perturbative methods for the calculation of renormalization factors, compared to perturbative treatments. We also compare the results obtained with gauge invariant operators to those with non-invariant ones.
The paper is organized as follows. In Sec. II we establish our notations and formalism. The method employed for our calculations is explained in Sec. III, followed by discussion of perturbative and non-perturbative renormalization factors in Sec. IV. We summarize the simulation details in Sec. V, and present the results on the chiral and continuum extrapolations in Secs. VI and VII. We close with a brief conclusion in Sec. VIII.
II. FORMULATIONS A. Kogut-Susskind quark action
The Kogut-Susskind (KS) quark action is defined in terms of one-component fermion fields χ(n) and χ(n) on a lattice whose site is labelled by n µ = 0, 1, 2, . . . , L − 1,
where m q is the bare quark mass and η µ = (−1) n 1 +···+n µ−1 is the KS sign factor. Color sums are assumed for simplicity. Dividing the lattice into 2 4 -hypercubes which are labelled by x µ = 0, 2, 4, . . . , L − 2, and whose corners are specified by a four-vector A with A µ = 0 or 1, we introduce sixteen-component fields
In terms of these hypercubic fields, the action (1) is rewritten as
Here a hypercube matrix referring to the Dirac spinor γ S = γ
4 and the KS flavor
is defined by
and the lattice derivatives are given by
where U AB (x, y) is the average of ordered products of gauge link variables over the shortest paths from x + A to y + B.
A gauge-invariant meson operator with zero spatial momentum is defined in this hypercubic notation by
For instance, O S = A µ , π, and ρ k respectively for γ S = γ µ γ 5 , γ 5 , and γ k . Here we have 2 4 × 2 4 = 256 operators, which are classified into irreducible representations [8] in terms of
The form of the action (3) shows that the flavor-mixing term (γ 5 ⊗ ξ µ ξ 5 ) breaks SU(4) A flavor symmetry down to U(1) A subgroup for the flavor channel ξ 5 at a finite lattice spacing. A lattice analog of the PCAC relation holds in the ξ 5 channel corresponding to U(1) A symmetry:
where the superscript 5 refers to ξ 5 . On the other hand, there appear additional terms in the PCAC relation for other channels, which vanish only in the continuum limit.
B. Pion decay constant
The pion decay constant is defined in the continuum theory by
We adopt the normalization f (exp) π ≃ 93 MeV. If we use the PCAC relation, this may be rewritten as
The lattice pion decay constant for the KS flavor ξ F is defined by √ 2f
In the ξ 5 channel where the PCAC relation (8) holds, we may use an alternative formula corresponding to Eq. (10):
where we have added the superscript (P ) to distinguish explicitly the pion decay constant obtained with a pion operator from that with an axial vector current.
III. EXTRACTION OF PION DECAY CONSTANT
We employ the wall source technique to enhance signals [9] . The meson operator for the wall source at the origin is defined by
where we assume that gauge configurations are fixed to some gauge. The matrix elements appearing in the definition of the pion decay constant are extracted from the large-time behavior of the correlation function at zero spatial momentum:
where m F π is pion mass common to the three cases. Here we extend the time slice of meson operator defined at x 4 = 0, 2, 4, . . . , T − 2 to have t = 0, 1, 2, . . . , T − 1 extensions with the temporal lattice size T . Note that there is no mixing between σ t = ±1 states in this case with time-extended meson operators. The amplitude C F O S π W can be written up to an overall sign factor as
with V s the spatial lattice volume. Using the amplitude of the correlation functions with the axial vector current (O S = A 4 ) and the pion operator for the wall source (O S = π W ), the pion decay constant is calculated as
where the pion mass obtained by the correlation function with the pion operator (O S = π) is used in this work. For comparison, the gauge non-invariant axial vector current and pion operator to obtain the amplitude and pion mass, respectively,
is also examined. Alternatively, an extraction of the decay constant from the pion operator (O F S = π 5 ) requires the combination given by
IV. RENORMALIZATION
A. General considerations
Renormalization is necessary to extract the physical pion decay constant from the lattice calculations. This procedure is made for each flavor in the case of the KS action. It is expected that the renormalization eliminates the KS flavor dependence in a way that the decay constant calculated for various KS flavors takes a unique value in the continuum limit.
Let us define a multiplicative renormalization constant Z F A for the lattice axial vector current A
According to the definition (11) the pion decay constant calculated with the axial vector current is renormalized as
As a special case, we have
in the ξ 5 channel due to the lattice PCAC relation (8) . Thus the pion decay constant can be calculated with out any uncertainties of renormalization in this channel, while the other channels can be used to check the reliability of renormalization constants by examining the expected convergence of the renormalized pion decay constants to a single value in the continuum limit. The decay constant defined with the pion operator (12) is renormalized as
where Z m is the renormalization constant for quark mass. Using the identities Z m = 1/Z I S and Z I S = Z 5 P , where the superscript I refers to the KS flavor for a unit matrix, we find that this relation is identical to
which is equivalent to Eq. (22).
B. Perturbative and non-perturbative renormalization factors for axial vector currents
We employ two sets of the renormalization factor Z F A for the KS axial vector current. One of them is perturbatively calculated at one-loop order [10] . We apply tadpole improvement to the axial vector current operator using the fourth root of plaquette as the tadpole factor, and evaluate the renormalization constants with the tadpole-improved MS coupling at q * = 1/a.
The other is non-perturbatively evaluated with the regularization independent (RI) scheme of Ref. [1] , which was developed for the Wilson and clover actions. In the RI scheme, the renormalization factor is obtained from the amputated Green function in momentum space
where the quark two-point function is defined by S(p) = 0|φ(p)φ(p)|0 , and the momentum of the hypercubic field φ(p) takes values of the form
where 
because the continuum axial vector current is not renormalized. The calculations for the non-perturbative renormalization constants were carried out in quenched QCD in our previous publication [5] . The results for the scalar and pseudoscalar operators have been used in our analysis of light quark masses for the KS quark action in quenched QCD [5] . Here we use them for the axial vector renormalization factors.
The calculational parameters are summarized in Table I . We evaluate the Green function (25) for 15 momenta in the range 0.038533 ≤ (pa) 2 ≤ 1.9277 using quark propagators evaluated with a source in a momentum eigenstate. In Fig. 1 we present the renormalization constant for both vector and axial vector currents, respectively denoted by Z (RI)F V (p) and Z (RI)F A (p), in the chiral limit. A practically important issue with the non-perturbative method employed here is the choice of the momentum at which the renormalization factors are evaluated. In general the momentum should satisfy Λ QCD ≪ p ≪ O(a −1 ) in order to keep under control the nonperturbative hadronization effects and the discretization error on the lattice. Since these effects appear as p-dependences of renormalization factors, we should avoid the range where a momentum dependence is visible. Another point to consider is the relation Z
(p) with the superscript F 5 referring ξ F ξ 5 , which we would expect to hold for all momenta p in the chiral limit due to U(1) A chiral symmetry of the KS quark action.
For β = 6.2 Fig. 1 shows that these two requirements are satisfied for p 2 > 5 GeV 2 , which corresponds to (pa) 2 > 0.5. In order to satisfy p ≪ O(a −1 ), we take (pa) 2 = 1.0024 (p 2 = 7.0392 GeV 2 in physical units) to calculate the renormalization factors used for the pion decay constant. The same value of lattice momentum (pa) 2 = 1.0024 is chosen for β = 6.0, which corresponds to p 2 = 3.5428 GeV 2 . The numerical values of the renormalization factors are summarized in Table II .
V. DETAILS OF SIMULATION A. Simulation parameters
We carry out our calculations in quenched QCD using the standard plaquette action for gluons. As we summarize in Table III , numerical simulations are carried out at β ≡ 6/g 2 = 6.0 and 6.2 on 32 3 × 64 and 48 3 × 64 lattices, respectively. Gauge configurations are generated with the five-hit pseudo-heatbath algorithm, and hadron correlation functions are calculated on 100(60) configurations separated by 2000 sweeps at β = 6.0(6.2).
Gauge configurations are fixed to the Landau gauge through maximization of
This is realized by iterating the steepest descent method for the first 2000 steps and the over-relaxation method for the subsequent 3000 steps until the condition
is satisfied, where V is the lattice volume and
We take three values for quark mass, m q a = 0.030, 0.020, 0.010 at β = 6.0 and 0.023, 0.015, 0.008 at β = 6.2. Quark propagators are evaluated for 16 types of wall sources, each corresponding to a corner of a hypercube, defined by
where D AB (x, y) is the quark matrix for the KS action. We solve the equation independently for each C by the conjugate gradient method with the stopping condition
The 16 quark propagators are combined to construct the 16 meson correlation functions in the KS flavor basis specified by the hypercube matrix ξ F . Averages are taken of the meson correlation functions over 2 3 ways of choosing the spatial origin of hypercubes on the lattice. We also average them over all states belonging to the same irreducible representation [8] .
B. Fitting procedure
In fitting the meson correlation function C(t) to the asymptotic form C fit (t) for an extraction of the mass and amplitude, we symmetrize the correlator at t and T − t, and carry out a standard correlated fit minimizing
where
is the covariance matrix of the correlator and ∆C(t) = C(t) − C fit (t). The fitting range t = t min , . . . , t max is chosen by fixing t max = T /2 and varying t min so that χ 2 /N DF takes a value near unity, where N DF is the degree of freedom of the fit. Finally, errors in this work are estimated by the single elimination jackknife procedure.
C. Wall-to-wall amplitude
We check the validity of the asymptotic form of the mesonic correlation function (14) which is based on the assumption of a single pole dominance by an inspection of the effective mass. Typical results for the effective mass extracted from the correlators π Fig. 2 . We observe a wide plateau and an expected agreement of the effective masses from the two correlation functions. We then find no problem in fitting these correlation functions by a single pole.
The situation is different for the wall-to-wall correlation function π
, particularly at β = 6.2. As we show in Fig. 3 , the effective mass for π To solve this problem, we perform a double pole fit for π
Ideally one likes to make a fit with four parameters C 
, we present a typical comparison of the amplitudes, extracted with the fitting range from t to T /2 with the single and double pole fits, in Fig. 4 . We also compare χ 2 /N DF for the two fits in Fig. 5 . From these figures, we consider that the double pole fit provides a good determination of the amplitude C F π W π W of the pion to the wall operator with a wide plateau of the amplitude and a reasonable value of χ 2 /N DF ∼ O(1). A possible interpretation for the dominant source of contamination to the wall-to-wall correlation function is an unbound quark-antiquark pair. Such a state can contribute since gauge configurations are fixed to the Landau gauge. In Fig. 6 we plot the value of the second pole mass mas a function of quark mass. The fact that the results depend little on the KS flavor of the meson operator is consistent with this interpretation. In the chiral limit one obtains m∼ 2 × 440 MeV, which is a reasonable value for a constituent quark mass.
Finally, we summarize the fitting ranges t min common for all flavors and χ 2 /N DF for our global fits in Table IV . Here, we have used the alternative fitting range of the wall-to-wall correlation function to improve the fitting quality for ξ F = ξ 4 , because the common fitting range does not give a satisfactory result [11] caused by worse fitting.
VI. CHIRAL BEHAVIOR A. Pion masses
We show values of (m 
We observe very clearly in Fig. 7 that these irreducible representations form a degeneracy pattern specified by
This pattern was observed long time ago in Ref. [9] . A theoretical explanation based on the effective chiral Lagrangian analysis for KS quark action was provided recently in Ref. [12] . Another notable feature in Fig. 7 is a linear behavior of pion masses as a function of quark mass from the correlation function with the gauge invariant pion operator. With a linear extrapolation we observe a non-vanishing value at m q a = 0 in channels other than ξ 5 for which U(1) A symmetry holds. The gauge non-invariant case, not presented in the figure but in Table V for the numerical values, also shows almost the same result as in Fig. 7 .
The chiral behavior of ρ meson mass for various KS flavors is shown in Fig. 8 . We find the difference of masses among various flavor channels to be small, less than 1% even in the chiral limit obtained by a linear extrapolation. We therefore choose the ρ meson mass in the flavor channel (γ k ⊗ ξ k ), for which the ρ meson operator is local, to set the scale using the experimental value m ρ = 770 MeV. We then find that a −1 = 1.92(2) GeV for β = 6.0 and a −1 = 2.70(5) GeV for β = 6.2.
B. Pion decay constant
In Fig. 9 we illustrate the chiral behavior of the bare pion decay constants calculated with Eq. (16). As with the case for pion masses, we use a linear extrapolation toward the chiral limit.
The pion decay constants obtained for eight irreducible representations again form a degeneracy pattern, which, however, is different from that for pion masses. This is due to the fact that the pattern for the decay constant reflects the distance of the axial vector current operator rather than that of the pion operator: the two operators differ because of the the Dirac factor, γ 4 γ 5 for the axial vector current and γ 5 for the pion. We also observe that the KS flavor dependence of the decay constant is much larger for the gauge invariant operators than that for the non-invariant ones. In contrast to the case of mass, for which no renormalization is required and lattice symmetry group controls, the pattern for pion decay constants mainly comes from the insertion of gauge link variables, which is roughly written as relation between the continuum and lattice axial vector currents:
Here d is the distance of the axial vector current operator for the gauge invariant case, while the non-invariant operator corresponds to d = 0. We show the decay constants after renormalization in Figs. 10 and 11 . With the use of perturbative renormalization constants (Fig. 10) , the discrepancy among different KS flavor channels becomes smaller toward the continuum. The reduction of the discrepancy, however, is significantly more dramatic with the use of non-perturbative renormalization constants as shown in Fig. 11 . In particular, the large difference among bare results obtained with gauge invariant operators almost disappears.
The numerical values for pion decay constants are collected in Tables VI-VIII. In contrast to the case of pion mass, there is no flavor channel to give the same results for the gauge invariant and non-invariant case, because the simultaneous local channel does not exist for the axial vector current and the pion operator both appearing in the calculation of the pion decay constant.
VII. CONTINUUM EXTRAPOLATION
In Fig. 12 , we present a-dependence of (m 2 for the non-Nambu-Goldstone channels vanish as a 2 toward the continuum limit, supporting the restoration of full flavor symmetry of the KS action.
The continuum extrapolation of the pion decay constant, renormalized perturbatively or non-perturbatively, is shown in Fig. 13 as a function of a 2 . In this figure with an enlarged vertical scale as compared to Figs. 10 and 11, we observe a general trend that the difference of values among various KS flavors becomes smaller toward the continuum limit. In particular, for non-perturbatively renormalized decay constants the central values in the continuum limit agree within a 2% accuracy, which is well below the statistical errors of 5-10%. On the other hand, the convergence is worse for the perturbatively renormalized decay constants. The spread in the continuum limit is 3-4%, which is roughly the magnitude of uncertainty one expects from higher-order corrections in the renormalization factors. We consider that these results provide evidence for both restoration of SU(4) A flavor symmetry of the KS action in the continuum limit and the effectiveness of the non-perturbatively evaluated renormalization constants.
The values of pion mass squared for various KS flavors are listed in Table IX , and those for pion decay constants are collected in Tables X and XI. As our best value for the decay constant, we take f π = 89(6) MeV obtained with the gauge invariant axial vector current in the ξ 5 channel which requires no renormalization. This value is compared with the experiment 92.4(3) MeV [13] . Possible quenching errors are not visible within the statistical error of 6 MeV.
Let us recall that the decay constant in the ξ 5 channel can also be calculated from the pion operator using Eqs. (19) and (24). Results are added in the bottom lines of Table X (and XI for convenience of readers), which show reasonable agreement with those from the axial vector current in the ξ 5 channel, as expected.
VIII. CONCLUSION
In this article we have presented an analysis of the pion decay constant in quenched QCD using the Kogut-Susskind quark action. Our best estimate for the decay constant in the continuum limit is 89(6) MeV, which is obtained with the gauge invariant axial vector current which respects U(1) A symmetry.
We have carried out a detailed comparison of perturbative and non-perturbative axial vector renormalization treatments. We conclude that the non-perturbative renormalization factors efficiently eliminate the flavor breaking effect in the decay constant in the continuum limit, while an apparent flavor-dependent difference still remains with the perturbative factors. 
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